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Abstract. We propose, Monte Carlo Nonlocal physics-informed neural networks
(MC-Nonlocal-PINNs), which is a generalization of MC-fPINNs in [1], for solving
general nonlocal models such as integral equations and nonlocal PDEs. Similar as
in MC-fPINNs, our MC-Nonlocal-PINNs handle the nonlocal operators in a Monte
Carlo way, resulting in a very stable approach for high dimensional problems. We
present a variety of test problems, including high dimensional Volterra type integral
equations, hypersingular integral equations and nonlocal PDEs, to demonstrate the
effectiveness of our approach.
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1. Introduction

Deep neural networks have gained a growing interest in recent years with a wide
variety of methods ranging from computer vision and natural language processing to
simulations of physical systems [2-5]. A representative example is physics-informed
neural networks(PINNs) [6], whose central idea is to incorporate governing laws of
physical systems into the training loss function and recast the original problem into an
optimization problem. PINNs have demonstrated remarkable success in applications
including fluid mechanics [7,8], high dimensional PDEs (with applications in computa-
tional finance) [9-11], uncertainty quantification |[1217], to name just a few.

For PDE models with classic (integer) derivatives, PINNs adopt automatic differ-
entiation to solve PDEs by penalizing the PDE in the loss function at a random set
of points in the domain of interest. However, for PDE models involving nonlocal op-
erators, one can no longer use the automatic differentiation to handle the operators
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due to the nonlocal property. To overcome this issue, fPINNs [18] was developed for
solving space-time fractional advection-diffusion equations. The main idea in [18] is to
introduce a classic discretization technique to handle the fractional operator. However,
this is not a good choice for high dimension problems since the curse of dimensionality.
Similar idea has been used to handle more general non-local operators in [19], while
the approach again can not be used for high dimensional cases. We also mention the
work [20], where the so called A-PINN was proposed to handle some special types of
integral equations.

More recently, the MC-fPINNs approach was proposed in [1] to handle fractional
PDEs, where the fractional operators are handled in a Monte Carlo way, resulting in
a very stable approach for high dimensional problems. Take the fractional Laplacian
equation as an example:

(—A)*?u(x) = Cya P-V./ Mdy, 0<a<?2, (1.1)
’ re [l —ylly™

where P.V. denotes the principle value of the integral and Cy, is a constant depending
on « and d. One can divide the integral into the following two parts:

A u(a) - O u(@) = uly) | u(z) —u(y) , > s
(AFTula) =Ca </yeBm(az> Iz — yllg ™ y+/y¢Bro(w) o —ylg" 2

It is shown that the fractional Laplacian of u(z) can be calculated via the following
approximation:

N Eiad re 2u(z) — u(x —ri&) — u(x + 7€)
(=8)*u(x) =Cia 554y Bernm [ 2 ]
ki
+ Cia—— e ronfo(r) [2u(z) —ulz —ro€) —ulz +rof)],

(1.3)
where ‘Sdil‘ denotes the surface area of S4~1, ¢ is uniformly distributed on the sphere
S9=1 and r7, 7o can be quickly sampled via

rr/ro ~ Beta(2 —a,1), ro/ro ~ Beta(a,1). (1.4)

More precisely, one can resort to the classic Monte Carlo sampling to handle the frac-
tional Laplacian (see in [1] for more details).

The main aim of this work is to extend the idea in [1] to more general nonlocal
operators. Our new contributions are summarized as follows:

e We generalize MC-fPINNs to MC-Nonlocal-PINNs, which can handle more gen-
eral nonlocal models such as Volterra type integral equations with either bounded
or singular kernels, hypersingular integral equations, and nonlocal PDEs with var-
ious kernels.
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e We present several high dimensional examples to show the effectiveness of the
MC-Nonlocal-PINNs approach.

The remainder of this paper is structured as follows. In Section 2, we present some
preliminaries. In Section 3, we present our MC-Nonlocal-PINNs approach for solving
general nonlocal problems. This is followed by numerical tests in Section 4. Finally,
we give some concluding remarks in Section 5.

2. Preliminaries

In this section, we present some preliminaries.

2.1. Physics-informed neural network

In this section, we first give a brief review on physics informed neural networks
(PINNs) [6,/18]. To this end, we consider the following PDE
Lelul(z) = f(x), =€,
u(z) =g(x), =€ .

Here L, is a differential operator, and € is a domain of interest. A deep neural network
(DNN) is a sequence alternative composition of linear functions and nonlinear activation
function. The PINNs approach uses the output of DNN, uny(x;0), to approximate
the solution of equation u(x) and calculate the differential operator via automatic
differentiation. Here 0 is a collection of the all learnable parameters in the DNN.
Specifically, define the PDE residual as

r(x;0) = Lyunn(x;0) — f(x), (2.2)

then 6 can be learned by minimizing the following composite loss function

L(0) = wy - L(0) + wy, - Lo(6), (2.3)
where
1 & i 2 1 al i iy|2
L0) =53 [ris 0 and £4(0) = 33 funn(ehi0) — o), (24)
i=1 =1

{wy, wy} are weights and {z%}r {x})}ﬁl denote the training data.

If £, in Eq. is a local differential operator, we can easily compute its value
via automatic differentiation; otherwise we must first deal with the operator £, due
to the nonlocal property. Here we remark that the fPINNs [18] was proposed to solve
fractional advection-diffusion equations.
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2.2. MC-fPINNs

Notice that the nonlocal properties bring difficulties for solving PDEs via automatic
differentiation, here we briefly introduce the MC-fPINNs in [1], which handle fractional
Laplacian operator by a directly Monte Carlo sampling. Let Q € R? be a spatial
domain, and we denote by x € ) the spatial variable. Consider the standard fractional
Laplacian equation

(=) ?u(z) = f(z), z€Q,

u(z) = g(x), zeRNQ,
where 0 < a < 2, the fractional Laplacian operator A%/ 2u(z) is defined by and
f(z),g(x) are given functions. The MC-fPINNs solve the above PDE problems via
constructing a DNN model uyy(x; ), parametrized by 6, to approximate the solution

u(z). Specifically, notice that the fractional operator can be represented as an integral
formulation ([1.3)), hence the fractional operator of the ux can be calculated as follows:

(2.5)

d—1|,2—«
/2 . |1 g 2unn(2;0) —unn(z — 1€ 0) —unn (@ + 1€ 0)
(—A) / unn(z;0) :Cd,am eri~fi(r) 7,%
|57 rg®
+ Ctar—— = Beronfo(r 2unn(w:0) —unn(z = 70&:0) —unn(z +ro&;0)],
(2.6)

where Cda,Sd_l,ro,m,ro, f1, fo are as prescribed before. Then the residual loss of
the PDE ([2.5) can be written as

2

N,
L,(0) = Y [(=2)Punn(a):0) = ()], (2.7)
1=1

/2

where {2} denotes training data and (—A)*2uyy(z;6) is computed via (2.6).

3. MC-Nonlocal-PINNs

In this section, we present our MC-Nonlocal-PINNs approach, which is a general-
ization of the original MC-fPINNs. We shall mainly consider three typical types of
models: Volterra equations, hypersingular equations and nonlocal PDEs.

3.1. Volterra type equations

Integral and integro-differential equations, in which the unknown function appears
inside an integral sign, have been widely employed in different fields, such as population
growth [21], acoustic scattering [22}[23], mechanics and plasma physics [24]. In this
section, we consider a framework for volterra integral and integro-differential equations.
A standard integral equation has the form of

ha(x)

u(z) = f(z) + - / K(x,s)u(s)ds, (3.1)

hi(x)
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where hi(x) and ho(z) are the limits of integration, A is a constant parameter, K(z, s)
is called the kernel of the integral equation. Here functions f(z) and K(z, s) are given
in advance and u(z) is the unknown quantity. Without loss of generality, we assume
that K(z,s) > 0.

An integro-differential equation contains an additional derivative operator compared
with the original integral equation

ha(x)
Nolul(e) = @)+ [ K s)u(s)ds, (32)
hi(zx)
where N, denotes a differential operator with respect to x and others are as prescribed
before.

To ease the discussion we use notation IDEs to express integral and integro-differential
equations. The limits of integration are used to characterize IDEs. When hq(z) and
ho(x) are fixed(independent of x), the form of Eq. is called Fredholm equa-
tion; when at least one of hi(z) and hs(z) is variable, the form of Eq. is
called Volterra equation. If the equation contains nonlinear functions of u(z), such
as sin(u), e*, In(1+u), the IDEs are called nonlinear. In this work, we focus on forward
(non-)linear IDEs, including Fredholm and Volterra types.

3.2. Hypersingular integral equations

Many physical problems can be modeled by boundary integral equations with
Hadamard-type hypersingular kernels, such as acoustic and solid mechanics [25-27].
The concept of hypersingular integrals was introduced by Hadamard which is defined
by the limit of an expansion, ignoring those diverging terms.

Definition 3.1. Assume that u is a function defined on (0, 3) and that there exists the
following expansion:

N M,
u(e) = Z Z Upme ™ log™ e+ Ule), (3.3)
n=0m=0
where
INSTN-1 < <71 <79=0 (3.4)

and ujo = 0 if 7, = 0(0 < j < N). Iflime,oUl(e) exists then the finite-part limit of
f(e) as € = 0 is defined by

F.P. limu(e) = lim U(e). (3.5)

e—0

One of the major problems arising numerical methods is how to evaluate the fol-
lowing hypersingular integral efficiently

b u(x
Z(u,s) = ]é (()d:c, s € (a,b), (3.6)
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where £ denotes a hypersingular integral and s is the singular point. Using the
Definition [3.1] we have

]éab mdx:FP, li—l}%{/jemder/Slmdx}. (3.7)

Similarly, two dimensional hypersingular integrals can be derived. Without loss of
generality, we consider the two dimensional region €2 with a boundary described by the
equation R = R(v),0 < v < 27, with origin point (0,0) of Q2. We consider the following
hypersingular integral

2w R(v) :
7[7[ Md:pld@: / [7[ “(TCOS”;TSIHV)dr] dv, (3.8)
o T 0 0 r

where r = \/27 + z3 and F is defined as before.

3.3. Nonlocal PDEs

In many scientific and engineering problems, standard local models are not sufficient
to accurately describe certain nonlocal phenomena, e.g., interactions at a distance.
Hence nonlocal PDEs, which can express a more general description of the dynamical
system, have been developed. Here we mention that peridynamics model for continuum
mechanics [28,29] and anomalous diffusion models [30,31].

In general, given the bounded, open domain Q C R¢ and given a constant § > 0,
we define the interaction domain corresponding to € as

Qr, = {y € R\Q such that y € Bs(z) for some = € Q}, (3.9)

where Bjs(x) denotes the ball of radius ¢ centered at x. For ¢ > 0, we consider the
nonlocal problem [32] for a scalar-valued function u(z) defined on Q U €y, given by

~Lsu(x) = f(z), Vreq,
{ Vu(e) = g(s). Ve €, (3.10)

Here f(z) and g(z) are given scalar-valued functions and
Lsu(x) = 2/ (u(y) — w(x))ys(z,y)dy for all x € Q, (3.11)
QUQ]6

where 7s(z,y) is a symmetric function, that is,

’yd(l‘,y) = ’75(y7$)7 (312)

and for any =,
supp (75(z,y)) = Bs(2). (3.13)
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We assume v;5(x,y) can be written in the form

’Y(;(Zli,y) = ¢6($7y)95('r7y)XBg(x)(y)7 (314)

where 05(x,y) and ¢5(x,y) denote non-negative, symmetric, scalar-valued functions.
We will refer to vs(x,y) as the kernel, ¢s(x,y) as the kernel function and 6s(x,y) as a
constitutive function. Because 05(x,y) is a constitutive function which is not specific
even within a single application, we focus on choices for the function ¢s(z,y):

o Translation-invariant, integral kernel functions. ¢5(x,y) = ¢s(x —y) and satisfies
for some positive constant C' > 0,

CS/ ¢5(y —x)dy < oo for all z € QU Q.
QUQ](S

o “Chritical” kernel functions.

1
P52, y) X T
ly — ||
o “Peridynamic” kernel functions.
b5(,) o
52, Y) X —— -
ly — =]

e Fractional kernel functions.

1
¢s(x —y) o W7

where s € (0,1).

For more details one can refer to [32] and references therein.

3.4. Monte Carlo sampling for nonlocal operators

Note that PINNs expresses the derivatives via automatic differentiation, which is
not valid for IDEs and nonlocal operators. In this section, we propose a MC procedure
to circumvent this situation. To this end, we first consider the IDE . For simplicity,
we set hi(x) =0, ho(z) = z,

u(z) = f(x) + /Om K(z,s)u(s)ds. (3.15)

We mainly consider two cases:
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Bounded kernel. If K(z,s) is uniformly bounded for x and s, then we adopt
stochastic approximation via MC sampling as follows:

| K suts)ds = 2 Beosgo K au(ae)], (3.16)
where ¢ is uniformly distributed on the interval [0, 1].

Weakly singular kernel. Here, we set K(x,s) = (z —s)"%,0 < a < 1. In fact,
it can be viewed as a generalized Abel’s type equation, which occurs in many
branches of scientific fields, such as microscopy, seismology, electron emission,
plasma diagnostics.

Notice that the kernel |K(t,s)| = (t — s)~“ is unbounded, yet integrable, hence
one can view it as a scaled probability density function of Beta distribution. More
precisely, we have

T T -«
| = seuteas = [ ute - s = T Bepuag-a luta — ).
(3.17)

Hypersingular integral (3.6)). Using the definition (3.7]), one can rewrite it as

follows:

b

][ // l—t 1—t)s—|—tx)dtdx

“ (3.18)
—u) () P g
A P — e

Then we can approximate the above hypersingular integral via MC sampling

bz 0%u
% ( ) Qd.:U :Et,\,u[071},x~u[a7b] |:(1 )a 3 (t.fL' + (1 — t)s)

(z —s)
_u(s)(bier ! >+gz( Jin 278

s—a s—a

(3.19)

For the hypersingular integral (3.8]), one can rewrite it as follows:

7[7[ 301,1‘2 ———=dzdry
ot R(v)
:/ —(0,v)In(R / / (1 —t tr v)dtdr| dv,
0 or
(3.20)

where @(r,v) = u(r cosv, rsinv). Then we approximate it via MC sampling

%% :El,l‘z dxldl'g

1 ot
= E,u0,27] [—R(V)U(O» v) + E(Oa v)In(R(v)) + Er w10, R t~ttfo,1] (1 — ) 55

T
_R(u)u(o’ v)+
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For the nonlocal model (3.10)) with the integral operator (3.11]), our goal is to

approximate
Loule) =2 [ (uly) ~ ula))sl. ). (3.22)
QUQ
We assume that
1
Y5(z,y) = =z Ly—zj<s, @€ (0,d+2). (3.23)
The corresponding stochastic approximation is

Egu(:v):Q/eB ( )“(W—“(x)dyzg/ u(e +y) —ulx)

ly — |3 lylla<d lylls
/ u(z +y) — 2u(x) + u(x —y)
= o dy
lyll2<é ||yH2

_ J u(x + 7€) — 2u(r) + ulx — ré) d-1
_ /Sdl/o - rd=Ldrde

«

B s gd=1| “Ee rnuo,1) [u(ﬁ&g);ﬁ(ﬁjuw_&g) ) a € (0,d],
- d+2—«a _ £y _ 5
Z—:Q—a |Sd 1| : Eg,TNBeta(d+2—a,1) [U($+ ré) 26%&€)+u(1’ rf)} , ac (d, d—+ 2),

(3.24)
where ¢ is uniformly distributed on S%~1, |S?~1| denotes the surface area of S

Note that as » — 0 we have

. u(x + 0ré) — 2u(z) + u(z — orf)  O2u(x)
7’—1>r(l;1+ 62r2 o or2

: (3.25)
r=0

which may suffer from rounding errors for extremely small §r. Thus we truncate
r with r. = max{r, e}, and replace variable r in the integrand with r., where
€ > 0 is a small positive number.

3.5. MC-Nonlocal-PINNs

Based on the above stochastic approximation, we are ready to present our algorithm.
For IDEs, because the equation in (3.2) combines the differential operator and the
integral operator, it is necessary to define boundary conditions

u(zr) =g(x), xe€Tl. (3.26)

For the nonlocal model, we must address the corresponding non-zero volume boundary
u(z)(z € Q). In neural network framework, we address it by adding additional soft
penalties in the final loss function. The schematic of MC-Nonlocal-PINNs is shown in
Figure|ll Specifically, we have access to some collocation points {x;}fﬁl C {x@}f\ﬁ’l C

00 (or Qy,). Following the stochastic approximation and automatic differentiation, we
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can calculate the loss functions £,.(0), L£,(6). The weights for each component are given
by adaptive strategy:

[w, wp] = (3.27)

(£,(8), Lo(0)]
min{L,(0), Ly(0)}

We summarize our method in Algorithm

Loss function

fK(x, s)u(s)ds, Lsu, -

Figure 1: The architecture of MC-Nonlocal-PINNs.

Algorithm 3.1 MC-Nonlocal-PINNs
e 1. Specify the training set

D= {{wi}fvzrp {ﬂfé}f'v:bl} :

2. Sample N snapshots from the above training data

3. Calculate the loss £(0) = w, - L,(0) + wp - L(0) for via (2.3]) and (3.27))

o 4. Let W W — ng—vﬁv to update all the involved parameters W, where 7 is the
learning rate

e 5. Repeat Steps 2-4 until convergence

4. Numerical experiments

In this section, we present a series of comprehensive numerical tests to demon-
strate the effectiveness of proposed algorithm. We investigate the performance of MC-
Nonlocal-PINNs for solving Volterra-type equations and hypersingular integral equa-
tions, then we illustrate the efficiency of the MC-Nonlocal-PINNs method to solve gen-
eral nonlocal equations. To quantitatively evaluate the accuracy of numerical solution,
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we shall consider L? relative error of the predicted solution:

lunn (z) — ()2

lu(@)l2

where v and un are fabricated and surrogate solutions, respectively.

Throughout all experiments, the DNNs model contains four hidden layers with 64
neurons per hidden layer. We shall employ hyperbolic tangent activation functions
(Tanh) and initialize all trainable parameters using Glorot initialization, unless stated
otherwise. All networks are trained using the Adam optimizer with default settings and
the L-BFGS optimizer. We adopt exponential learning rate decay with a decay-rate of
0.9 every 1000 training iterations.

Relative L2 error =

4.1. Volterra integral equation
4.1.1. 1D bounded kernel problem

Consider the following example:
u(z) = f(z) +/ K(z,s)u(s)ds, 0<z<1, (4.1)
0

where the exact solution and the corresponding terms are given as follows:

u(z) =sin(rz), f(z)= (1 - ;) sin(wz) —cos(mz) /2w, K(x,s) = —sin(r(z —s)).

™

Note that kernel K (z,s) is bounded in [0, 1] x [0,1], one can rewrite the equation as
follows

u(x) = f(x) + Esovio) [# - K(z, 25) - u(xs)] .
As is described in Section[3] we approximate the expectation using Monte Carlo method:

N

1
Egvpo, [z - K(z,25) - unn(ws; 0)] ~ ZZL‘ - K(x,z8;) - unn(zsi; 0),
i=1

N, 4

where s; ~ U[0,1] and Ny is the number of discrete integration points. We use 128
uniformly distributed training points in the space domain for each batch and train
the MC-Nonlocal-PINNs using Adam optimizer with an initial learning rate of 0.001
to 1000 iterations, then we continue to train the model using L-BFGS with adaptive
learning rate to 1000 iterations. Figure [2| shows the comparison between the predicted
and the exact solution for Ns = 40. We observe that the predictions achieve an
excellent agreement with the corresponding ground truth. Furthermore, we investigate
the performance under the cases of different sample numbers Ny, the final result is
reported on the right of Figure 2l When increasing the sample number N, the relative
L? error of uyy decreases from 4.74% to 0.19%.
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Figure 2: Volterra equation (1D bounded kernel). Left : exact and predicted solutions. Middle : absolute

error. Right : the relative L? error for different Ns.

4.1.2. 1D weakly singular kernel problem

In this example, we still consider the above equation (4.1)) with a singular kernel.
Specifically, we take

f(z) = sin(x) + msin (g) Jo (g) , K(z,8) = —(x—s)"%,

where o = 1/2 and Jy(z) is the Bessel function of the first kind defined by

By =S 2 4.2
) = G (1.2

k=0

Similarly, we can rewrite the equation as

u(x) = f(x) + 2\/‘% ’ IEsteta(OB,l) [’U,(JZ - JIS)] ’

and approximate the expectation using MC sampling

N
2T
unn(x;0) ~ f(x) + ]\\g-z;umv(l‘—%i;a),

where s; ~ Beta(0.5,1) and Ny is the number of discrete integration points. We set
batch size to 128 and N to 100, and train the MC-Nonlocal-PINNs using the Adam
optimizer with initial learning rate 0.001 to 1000 iterations, then we continue to train
the model using L-BFGS with adaptive learning rate to 2000 iterations. The results for
the exact and the predicted solutions are presented in Figure [3] As is shown, a good
agreement can be achieved between the ground truth and predicted solution. And
relative L? errors for different sample number N, are shown on the right of Figure
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Figure 3: Volterra equation (1D singular kernel). Left : exact and predicted solutions. Middle : absolute
error. Right : the relative L? error for different N,.

4.1.3. 1D Fredholm problem

In this section, we consider a nonlinear 1D Fredholm IDE:

1 /2
;LZ =cos(z) —x + 1 /_ﬁ/2 wtu? (t)dt, u(—g) =0.

And the corresponding exact solution is chosen as u(x) = 1+sin(x). Since the limits of
integration are constants, we can approximate the expectation using uniform sampling
method

Junn(z;0) T

NN\L,

T cos(z) — x + N, ; zsi - unn(si;0)°,

where s; ~ U[—7/2,7/2]. We use 128 uniformly distributed training points in the space
domain for each batch. We take Ny = 400 and train the MC-Nonlocal-PINNs using the
Adam optimizer with initial learning rate 0.001 to 5000 iterations, then we continue
to train the model using L-BFGS with adaptive learning rate to 2000 iterations. And
the final results are shown in Figure [4f We can observe that as sample number (N;)
increases, the relative L? error decreases from 6.3% to 0.49%.

\.
200 e Je— 0007 )
175 pred / 0.006 \,\
150 / 0.005 H \
12 3 3
> 0.004 2 \

1.00 k] | N

/ 0.003 [ .
ors J/ 107 —

0.002 ~.
0.50 / =
025 ',/" 0.001 ~—
- =~

000 — 0.000 =

-15  -10 -05 00 05 10 15 -15  -10  -05 00 05 10 15 25 50 100 200 400
sample number

Figure 4: Fredholm equation. Left : exact and predicted solutions. Middle : absolute error. Right : the
relative L? error for different N.
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4.1.4. High dimensional bounded kernel problem

Consider the following 10D Volterra IDE [20]:

oul(t u(t
( xl*) y L Z [B17 7-%.9) — f(t, Ty, ’x9)7

X9 x1 t
f(ta:l:la"'7x9):u(tvl'17"'7$9)+g(t7$17"'7m9)+/ / /SO'U(SOVSD"'?
0 0 0

where 0 < t,x1,---,x9 < 1. The exact solution is

u(t,xy, -+ ,x9) =t (x1 + x2 + x3) - sin(zg + x5 + ) - cos(x7 + x3 + x9).

Our goal is to approximate the 10-dimensional integral terms. After some simple
calculations, we have

N

x9 1 t 1 . .
/ / / 80-U(80, 81, "+, S9)dsodsy -+ dsg &~ T1T2 -+ - Tgt? —— Zu(tsz))xlszl, e
0 o Jo N <
1=1
where (s, s%,--+,s8) ~ U[0,1]1°. The training set consists of two parts: 10000 col-

location points randomly sampled in the equation domain and 1000 boundary points
randomly sampled on each boundary. We take 10 Monte Carlo points to approxi-
mate integral terms, i.e., Ny = 10, and train the MC-Nonlocal PINNs using LBFGS
optimizer 40000 iterations. To elucidate the solution of our method, we select two
different planes [1,1,1,1,0,1,1,xg,z9] and [1,1,0,0,z4,x5,0,0,0,0]. The correspond-
ing exact solutions are u(0.5,1,1,1,0,1,1,28,29) = 3 - sin(2) - cos(zg + x9 + 1) and
u(0.5,1,0,0, x4, 5,0,0,0,0) = sin(xg + x5)/2. The final results are shown in Figure
and final relative L2 error is 0.134%. It is noticed that our method achieves bet-
ter accuracy than the A-PINN approach (0.519%) without introducing 10 auxiliary
variables.

Sg)dSodSl <

) wQSSi))’

. ng,
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Figure 5: 10D Volterra equation. From left to right: predicted solutions, exact solutions and corresponding
absolute errors.

4.1.5. High dimensional singular kernel problem

Consider the following PDE:

d
ou(t, x 8utx, T
( la » T +Z 1 ) d) :f(t7x17"' 7xd)7
=1
f(t L1, - y L ) u(t, x1, -, Id +gt$15 )'Td)

/ / / t—s0) %(x1—81) % - (xg — sq) “u(so, 1, ,8q)dtdsy - - - dsgq.

Here o = 1/2,9Q = [0,1]9F!, d is spatial dimension. The exact solution is

u(z) = (1= flz|3)e™

In this example, we take d = 3,7 and 10 Monte Carlo points to approximate integral
terms, i.e., Ny = 10. The training set consists of two parts: 10000 collocation points
randomly sampled in the equation domain and 1000 boundary points randomly sampled
on each boundary. Then we train the MC-Nonlocal PINNs using LBFGS optimizer
40000 iterations. We select two different planes to elucidate the solution of our method.
The final results are shown in Figure [6] [} It is observed that the predictions achieve
an excellent agreement with the corresponding ground truths for both d = 3 and d = 7.
The corresponding relative L? errors for different sample numbers (Ny) are shown in

Figure
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Figure 6: 4D Volterra equation. From left to right: predicted solutions, exact solutions and the corresponding
absolute errors.
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Figure 7: 8D Volterra equation. From left to right: predicted solutions, exact solutions and the corresponding
absolute errors.
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Figure 8: High dimensional volterra singular kernel problem. Relative L? error for different Nj.

4.2. Hypersingular integral equations
4.2.1. 1D example

Consider the following hypersingular integral equation

1 1 1-—
]é (U(m)dib =5 35+ (35 — 25)In 5, Vs € (0,1), (4.3)
0

x — 8)? s
with boundary condition u(0) = u(1) = 0. The exact solution is
u(z) = 2%(x — 1).

We approximate the hypersingular integral via

N
1 D*unn _ . 1 1\, dunn, 1—s
NS;[(l_ti)axQ (tixi+(1—ti)s,e)]—uNN(s,9)<1_S+s>+ 5z (5;6)In —,

(4.4)

where (t;, ;) ~ U[0,1]? and Nj is the number of discrete integration points. Note that
Eq. holds for every s € (0,1), we use 100 uniformly distributed training points
for s. We train the MC-Nonlocal-PINNs using the Adam optimizer for 2000 iterations,
and relative L? errors between the exact and the predicted solutions for different N
are shown in Figure [0
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2x107? n

Relative L2 error
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Figure 9: 1D hypersingular integral equation. Relative L? errors for different N..

4.2.2. 2D example

Consider the following PDE involving hypersingular integral

u(z1, 72)
—Au+7[7[ —————dx1dxs = f(x1,22), x €,
- 1dxe = f(x1,22) (4.5)
u =g,

x € 010,
where Q = {(x1, z2)|2? + 22 < 1}. The exact solution is given by
u(z1,x2) = sin(mwzy) sin(rza) + exp(zy + 2x2),

f and g can be calculated via classical numerical approach. We approximate the above
hypersingular integral via

u(x1, x2) _2m Nor ] D*unn ,
QTd$ld$2 ~ ﬁs Zz; _UNN<07Via9) + (]. - tz)w(tﬂ"“ Vi,g) y

where v; ~ U[0,27],t;,m; ~ U[0,1] and ayn(r,v) = uyn(rcosv,rsinv). And 0 is
learnable parameters. We train the MC-Nonlocal-PINNs using the Adam optimizer for
40000 iterations. The final result is shown in Figure
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Figure 10: 2D hypersingular integral equation. Relative L? errors for different N..

4.3. Nonlocal PDEs
4.3.1. 1D example

Consider a one-dimensional nonlocal problem —Lsu = f5 on (0,1) and the nonlocal
operator is given by

0
Lsu = 2/—5 Y5(s)(u(z + s) — u(z))ds.

We mainly consider two cases: bound and singular kernel functions.

Case 1 (bounded kernel). A special kernel is chosen to be 7;5(s) = 62|s|~! in our
numerical examples [33]. The exact solution is given by
2(1 - '12)7

u(z) =x f(z) =122 — 24 62

And volume constraint is:
u(z) = 2%(1 — %)

€(=4,0)U(1,1+9).

For all x € (0, 1), we can rewrite L5 as follows:

u(z + or;) + u(x — dr;) — 2u(z)

Cou(z 2/52u x+s)+u(x—s)—2u(x g:
s _

S r;

where r; ~ U[0, 1]. The final result is shown in Figure We first fix sample number
N, to be 80 and can observe that as the nonlocal radius § decreases, the gap between
our predicted solution and the reference becomes narrower. With fixed nonlocal radius
§ = 1/32, relative L? error decreases as sample number (Ny) increases.

i
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Figure 11: 1D bounded kernel nonlocal problem. Relative L? error with different § and N. Left : fixed
sample number N = 80. Right : fixed nonlocal radius § = 1/32.

Case 2 (singular kernel). Another special kernel is chosen to be y(s) = 16 —1/2|5|=5/2
[34]. Our benchmark problem is chosen to have u(x) = —2?(1—2)? as the exact solution.

The corresponding right-hand side f(z) = 1222 — 12z + 2 4+ 242, and
u(x) = —x2(1 — 33)2 x € (=45,0)U(1,149).

Similarly, we rewrite L5 as follows:

1 J _1pu( +8) — 2u(z) +u(x — s)
Lsu(x) = 2\/3/0 s ds

g2

1 ok u(x + or;) — 2u(z) + u(x — ory)
~ N, Z 6272 '

=1 1
where r; ~ Beta(0.5,1). The final result is shown in Figure We first fix sample
number N, to 2 and can observe that as the nonlocal radius § decreases, the gap between
our predicted solution and the reference becomes narrower. With fixed nonlocal radius
§ = 0.2, relative L? errors decrease as sample number (Ny) increases.

4
"

Relative L? error
/
/
Relative L? error

0.2 0.1 0.05 0.025 0.0125 2 5 10 20
6 sample number

Figure 12: 1D singular kernel nonlocal problem. Relative L? error with different § and N,. Left : fixed
sample number N; = 2. Right : fixed nonlocal radius § = 0.2.

4.3.2. High dimensional example

In this example, we consider a four dimensional nonlocal problem with Dirichlet bound-

ary condition:
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/B o) =) g (), in o,
2

(@0) ||z —yll (4.6)
u(z) = g(x), in Q.
The fabricated solution is
u(z) =1 ||z3)*? 2zeQ=B=/{z||z]><1zeR"}, (4.7)

the corresponding force term f(z) can be calculated via classical numerical approach.
Here we take homogeneous nonlocal boundary condition, that is, g(z) = 0. We set § =
0.2, = 0.5. We use ReLU as activation function and approximate u(x) with uyy(z) =
ReLU(1 — ||z||?)inn(z) to exactly satisfy non-zero volume boundary condition, and
train the MC-Nonlocal-PINNs using the Adam optimizer for 40000 iterations with
batch size 128. To illustrate final result, we select one plane [z7,xz9,0.2,0.2]. The
Figure shows the comparison between predicted and exact solutions. The relative
L? error is 6.85e-3, which is sufficiently low for the high dimensional problem.

Predicted Exact Absolute error
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-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

Figure 13: High dimensional nonlocal problem. From left to right: predicted solution, exact solution and
absolute error.

5. Summary

We have proposed MC-Nonlocal-PINNs for solving general nonlocal models such as
volterra-type, hypersingular integral equations and nonlocal PDEs. Our MC-Nonlocal-
PINNs handle the nonlocal operators in a Monte Carlo way, resulting in a very stable
approach for high dimensional problems. Applications to hypersingular integral equa-
tions, high dimensional Volterra type integral equations and nonlocal PDEs demon-
strate the effectiveness of our approach.

Despite the encouraging results presented here, some integral equations still require
further investigation such as highly oscillatory kernels arsing in electromagnetics, inte-
gration on manifolds and complex domains. We believe that addressing these problems
will provide a better understanding of the MC-Nonlocal-PINNs approach.
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